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1. Backgroud

Many multi-scale (also called slow-fast or two-time scales)
system arise from material sciences, chemistry, fluids
dynamics, biology and other application areas, such as

In climate models, where climate-weather interactions may
be studied within the averaging framework, climate being
the slow motion and weather the fast one.
In the chemistry, the dynamics of chemical reaction
networks often take place on notably different times scales,
from the order of nanoseconds (10−9 s) to the order of
several days.
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Averaging principle for SDEs (By Khasminskii, 1968)

{
dX ε

t = b(X ε
t ,Y

ε
t )dt + σ(X ε

t ,Y
ε
t )dWt , X ε

0 = x ∈ Rd ,

dY ε
t = 1

ε f (X ε
t ,Y

ε
t )dt + 1√

ε
g(X ε

t ,Y
ε
t )dWt , Y ε

0 = y ∈ Rd .

Assume ∃b̄(x) : Rd → Rd , positive-definite symmetric matrix
A(x) : Rd → Rd×d :∣∣∣∣∣ 1T

∫ T

0
Eb(x ,Y x ,y

t )dt − b̄(x)

∣∣∣∣∣→ 0, ε→ 0;∣∣∣∣∣ 1T
∫ T

0
Eσ(x ,Y x ,y

t )σ∗(x ,Y x ,y
t )dt − A(x)

∣∣∣∣∣→ 0, ε→ 0;

where {Y x ,y
t }t≥0 is the unique solution of the frozen equation:

dY x ,y
t = f (x ,Y x ,y

t )dt + g(x ,Y x ,y
t )dWt , Y x ,y

0 = y .
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Averaging principle says:

X ε → X̄ , in weak sense,

as ε→ 0, where X̄ is the solution of the averaged equation:

dX̄t = b̄(X̄t )dt + σ̄(X̄t )dW̄t , X0 = x ,

where σ̄(x) :=
√

A(x), i.e., σ̄(x)σ̄(x) = A(x).

If frozen equation admits a unique invariant measureµx .
b̄(x) =

∫
Rd b(x , y)µx (dy)

A(x) =
∫
σ(x , y)σ(x , y)∗µx (dy)
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Central limit type theorem (CLTT), or Normal deviations{
dX ε

t = b(X ε
t ,Y

ε
t )dt + σ(X ε

t )dWt ,

dY ε
t = 1

ε f (X ε
t ,Y

ε
t )dt + 1√

ε
g(X ε

t ,Y
ε
t )dWt .

The corresponding averaged equation is following:

dX̄t = b̄(X̄t )dt + σ(X̄t )dWt ,

Aim: How to characterize the limit process of {Xε−X̄
ε1/2 } in

C([0,T ],Rn)?

X ε − X̄
ε1/2 → Z , weakly in C([0,T ],Rn), as ε→ 0
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Diffusion approximation dX ε
t = b(X ε

t ,Y
ε
t )dt +

1√
ε

K (X ε
t ,Y

ε
t ) + σ(X ε

t ,Y
ε
t )dWt ,

dY ε
t = 1

ε f (X ε
t ,Y

ε
t )dt + 1√

ε
g(X ε

t ,Y
ε
t )dWt .

Here K satisfies the central condition, i.e.,∫
K (x , y)µx (dy) = 0.

Aim: How to characterize the limit process of X ε? i.e.,

X ε → Z , weakly in C([0,T ],Rn), as ε→ 0.
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The main techniques:

Khasminskii’s time discretization
Martingale problem approach
Asymptotic expansion of the solutions of Kolmogorov
equation with respect to ε
Poisson equation
· · · · · ·
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2. Averaging principle

In this talk, we focus on the following multi-scale
McKean-Vlasov SDEs:{

dX ε
t = b(X ε

t ,LXε
t
,Y ε

t )dt + σ(X ε
t ,LXε

t
)dW 1

t ,

dY ε
t = 1

ε f (X ε
t ,LXε

t
,Y ε

t )dt + 1√
ε
g(X ε

t ,LXε
t
,Y ε

t )dW 2
t ,

(1)
where LXε

t
is the law of X ε

t .
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Theorem 1 (M. Röckner, S. and Y. Xie, AIHP, 2021)
Under some proper assumptions. We have

sup
t∈[0,T ]

E|X ε
t − X̄t |2 ≤ Cε. (2)

Here X̄ is the solution of the following averaged equation,{
dX̄t = b̄(X̄t ,LX̄t

)dt + σ(X̄t ,LX̄t
)dW 1

t ,

X̄0 = x ,
(3)

where b̄(x , µ) =
∫
Rm b(x , µ, y)νx ,µ(dy) and νx ,µ denotes the

unique invariant measure for the transition semigroup of the
frozen equation.

Xiaobin Sun Asymptotic behavior of multi-scale McKean-Vlasov SDEs



1. Backgroud
2. Averaging principle

3. Central Limit Type Theorem
4. Diffusion Approximation

♣ Idea of Proof of Averaging principle
For simplification, σ(x , µ) ≡ σ. Recall that

X ε
t = X0 +

∫ t

0
b(X ε

s ,LXε
s
,Y ε

s )ds + σW 1
t ,

X̄t = X0 +

∫ t

0
b̄(X̄s,LX̄s

)ds + σW 1
t .

Thus

X ε
t − X̄t =

∫ t

0

[
b(X ε

s ,LXε
s
,Y ε

s )− b̄(X̄s,LX̄s
)
]

ds

=

∫ t

0

[
b(X ε

s ,LXε
s
,Y ε

s )− b̄(X ε
s ,LXε

s
)
]

ds

+

∫ t

0

[
b̄(X ε

s ,LXε
s

)− b̄(X̄s,LX̄s
)
]

ds.
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Note that b̄ is Lipschitz continuity, we have

sup
t∈[0,T ]

E|X ε
t − X̄t |2

≤ C sup
t∈[0,T ]

E
∣∣∣∣∫ t

0
b(X ε

s ,LXε
s
,Y ε

s )− b̄(X ε
s ,LXε

s
)ds
∣∣∣∣2

+CT

∫ T

0
E|X ε

t − X̄t |2dt .

By Gronwall’s inequality, we get

sup
t∈[0,T ]

E|X ε
t − X̄t |2

≤ C sup
t∈[0,T ]

E
∣∣∣∣∫ t

0
b(X ε

s ,LXε
s
,Y ε

s )− b̄(X ε
s ,LXε

s
)ds
∣∣∣∣2 .
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Now, consider the following Poisson equation with parameter x :

−L2(x , µ)Φ(x , µ, ·)(y) = b(x , µ, y)− b̄(x , µ), y ∈ Rd2 , (4)

where L2(x , µ) is the generator of the frozen equation:{
dY x ,µ,y

s = f (x , µ,Y x ,µ,y
s )ds + dW 2

s ,

Y x ,µ,y
0 = y .

(5)

Poisson equation (4) admits a unique solution

Φ(x , µ, y) :=

∫ ∞
0

[
Eb(x , µ,Y x ,µ,y

s )− b̄(x , µ)
]

ds.
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By Itô’s formula, we have

Φ(X ε
t ,LXε

t
,Y ε

t ) = Φ(X0,LX0 ,Y0)

+

∫ t

0
E
[
b(X ε

s ,LXε
s
,Y ε

s )∂µΦ(x ,LXε
s
, y)(X ε

s )
]
|x=Xε

s ,y=Y ε
s

ds

+

∫ t

0

1
2
ETr

[
σσ∗∂z∂µΦ(x ,LXε

s
, y)(X ε

s )
]
|x=Xε

s ,y=Y ε
s

ds

+

∫ t

0
L1(LXε

s
,Y ε

s )Φ(X ε
s ,LXε

s
,Y ε

s )ds

+
1
ε

∫ t

0
L2(X ε

s ,LXε
s

)Φ(X ε
s ,LXε

s
,Y ε

s )ds + Mε,1
t +

1√
ε

Mε,2
t ,
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where Mε,1
t and Mε,2

t are two local martingales,

Mε,1
t :=

∫ t

0
∂x Φ(X ε

s ,LXε
s

) · σdW 1
s ;

Mε,2
t :=

∫ t

0
∂y Φ(X ε

s ,LXε
s

) · g(X ε
s ,LXε

s
,Y ε

s )dW 2
s .

Then we have

sup
t∈[0,T ]

E|X ε
t − X̄t |2 ≤sup

t∈[0,T ]

E
∣∣∣∣∫ t

0
b(X ε

s ,LXε
s
,Y ε

s )−b̄(X ε
s ,LXε

s
)ds
∣∣∣∣2

= sup
t∈[0,T ]

E
∣∣∣∣∫ t

0
L2(X ε

s ,LXε
s

)Φ(X ε
s ,LXε

s
,Y ε

s )ds
∣∣∣∣2

≤ ε2 sup
t∈[0,T ]

E |Aεt |
2 + ε2 sup

t∈[0,T ]

E
∣∣∣Mε,1

t

∣∣∣2 + ε sup
t∈[0,T ]

E
∣∣∣Mε,2

t

∣∣∣2 .
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3. Central Limit Type Theorem
Theorem 2 (W. Hong, S. Li, W. Liu and S., arxiv, 2021+)
Under some proper assumptions. {Z ε := Xε−X̄√

ε
}ε>0 converges

weakly in C([0,T ];Rn) to the solution of following equation as
ε→ 0,

dZt = ∂x b̄(X̄t ,LX̄t
) · Ztdt + E

[
∂µb̄(u,LX̄t

)(X̄t ) · Zt

]∣∣∣
u=X̄t

dt

+
[
∂xσ(X̄t ,LX̄t

) · Zt

]
dW 1

t + E
[
∂µσ(u,LX̄t

)(X̄t ) · Zt

]∣∣∣
u=X̄t

dW 1
t

+Θ(X̄t ,LX̄t
)dWt , Z0 = 0, (6)

where Wt is a Rn-dimensional standard Brownian motion
independent of W 1

t on probability space (Ω,F ,P), and

Θ(x , µ) :=
(

(∂y Φg)(∂y Φg)∗
) 1

2
(x , µ).
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independent of W 1

t on probability space (Ω,F ,P), and

Θ(x , µ) :=
(

(∂y Φg)(∂y Φg)∗
) 1

2
(x , µ).
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♣ Idea of Proof of CLTT
For simplification, σ(x , µ) ≡ σ. Z ε

t =
Xε

t −Xt√
ε

satisfies

dZ ε
t =

1√
ε

[
b(X ε

t ,LXε
t
,Y ε

t )− b̄(X ε
t ,LXε

t
)
]
dt

+
1√
ε

[
b̄(X ε

t ,LXε
t

)− b̄(X̄t ,LXε
t

)
]
dt +

1√
ε

[
b̄(X̄t ,LXε

t
)− b̄(X̄t ,LX̄t

)
]
dt .

We introduce an auxiliary process ηεt ,

dηεt =
1√
ε

[
b(X ε

t ,LXε
t
,Y ε

t )− b̄(X ε
t ,LXε

t
)
]
dt

+∂x b̄(X̄t ,LX̄t
) · ηεt dt + E

[
∂µb̄(u,LX̄t

)(X̄t ) · ηεt
]∣∣∣

u=X̄t
dt
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Step 1: Proving limε→0 E
[
supt∈[0,T ] |Z ε

t − ηεt |
]

= 0.

Step 2: Note that ηε(t) = Iε1(t) + Iε2(t) + Iε3(t), where

Iε1(t) :=
1√
ε

∫ t

0

[
b(X ε

s ,LXε
s
,Y ε

s )− b̄(X ε
s ,LXε

s
)
]
ds,

Iε2(t) :=

∫ t

0
∂x b̄(X̄s,LX̄s

) · ηεsds,

Iε3(t) :=

∫ t

0
E
[
∂µb̄(u,LX̄s

)(X̄s) · ηεs
]∣∣∣

u=X̄s
ds.

Proving Πε := (ηε, Iε1, I
ε
2, I

ε
3), is tight in C([0,T ];R4n).

Step 3: Identify the weak limit of Iε1, Iε2 and Iε3 in C([0,T ];Rn).
Key: Skorohod representation theorem.
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Recall that Φ(x , µ, y) be the unique solution of the Possion
equation

−L2(x , µ)Φ(x , µ, ·)(y) = b(x , µ, y)− b̄(x , µ).

By Itô’s formula,

Φ(X ε
t ,LXε

t
,Y ε

t ) = Φ(X0,LX0 ,Y0)

+

∫ t

0
E
[
b(X ε

s ,LXε
s
,Y ε

s )∂µΦ(x ,LXε
s
, y)(X ε

s )
]
|x=Xε

s ,y=Y ε
s

ds

+

∫ t

0

1
2
ETr

[
σσ∗∂z∂µΦ(x ,LXε

s
, y)(X ε

s )
]
|x=Xε

s ,y=Y ε
s

ds

+

∫ t

0
L1(LXε

s
,Y ε

s )Φ(X ε
s ,LXε

s
,Y ε

s )ds

+
1
ε

∫ t

0
b(X ε

s ,LXε
s
,Y ε

s )− b̄(X ε
s ,LXε

s
)ds + M1,ε

t +
1√
ε

M2,ε
t ,
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where M1,ε
t ,M2,ε

t are two local martingales,

M1,ε
t =

∫ t

0
∂x Φ(X ε

s ,LXε
s
,Y ε

s ) · σdW 1
s ,

M2,ε
t =

∫ t

0
∂y Φ(X ε

s ,LXε
s
,Y ε

s ) · g(X ε
s ,LXε

s
,Y ε

s )dW 2
s .

Then it is easy to see

Iε1(t) =
√
εBε

t + M2,ε
t . (7)

According to martingale representation theorem, M2,ε
t

converges to

M2
t =

∫ t

0

(
(∂y Φg)(∂y Φg)∗

) 1
2 (X̄s,LX̄s

)dWs.
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3. Diffusion Approximation
We consider the following stochastic systems

dX ε
t =b(X ε

t ,LXε
t
,Y ε

t )dt+
1√
ε

K (X ε
t ,LXε

t
,Y ε

t )dt +σ(X ε
t ,LXε

t
,Y ε

t )dWt ,

dY ε
t =

1
ε
f (X ε

t ,LXε
t
,Y ε

t )dt+
1√
ε
h(X ε

t ,LXε
t
,Y ε

t )dt+
1√
ε
g(X ε

t ,LXε
t
,Y ε

t )dWt ,

X ε
0 = ξ, Y ε

0 = ζ,

(8)
where K satisfies the centering condition, i.e.,∫

Rm
K (x , µ, y)νx ,µ(dy) = 0.

Z. Bezemek, K. Spiliopoulos, Rate of homogenization for
fully-coupled McKean-Vlasov SDEs, Stoch. Dyn. to appear
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♣ Martingale problem approach
Key idea: The limiting process is the solution of the martingale
problem associated to the operator Lµ given by

Lµ :=
n∑

i=1

Θi(x , µ)∂xi +
1
2

n∑
i=1

n∑
j=1

(ΣΣ∗)ij(x , µ)∂xi∂xj ,

where

Θ(x , µ) := b + ∂x ΦK + ∂y Φh + Tr
[
∂2

xy Φσg∗
]
(x , µ),

Σ(x , µ) :=
(

(K ⊗ Φ) + (K ⊗ Φ)∗ + (σg∗)∂y Φ + [(σg∗)∂y Φ]∗

+(σσ∗)
) 1

2
(x , µ).
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Theorem 3 (W. Hong, S. Li and S., arxiv, 2022)
Under some proper assumptions. {X ε}ε>0 converges weakly in
C([0,T ];Rn), as ε→ 0, to the solution of following equation

dXt = Θ(Xt ,LXt )dt + Σ(Xt ,LXt )dŴt , X0 = ξ, (9)

where Ŵt is a n-dimensional standard Brownian motion.

Note that there is a gap about the diffusion coefficient Σ,
that is, it is unclear whether the term

(K ⊗ Φ) + (K ⊗ Φ)∗ + (σg∗)∂y Φ + [(σg∗)∂y Φ]∗ + (σσ∗)

is positive semi-definite?
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♣ Martingale characterization
Theorem 4 (W. Hong, S. Li and S., arxiv, 2022)
Under some proper assumptions. {X ε}ε>0 converges weakly in
C([0,T ];Rn), as ε→ 0, to the solution of following equation

dXt = Θ(Xt ,LXt )dt + Σ̃(Xt ,LXt )dW̃t ,

where W̃t is a n-dimensional standard Brownian motion and

Σ̃(x , µ) :=
(

(∂y Φg + σ)(∂y Φg + σ)∗
) 1

2
(x , µ).

It will be asserted that Σ, Σ̃ are essential the same.
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Thank you very much!
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