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1. Backgroud
Many multi-scale (also called slow-fast or two-time scales)

system arise from material sciences, chemistry, fluids
dynamics, biology and other application areas, such as

Xiaobin Sun Asymptotic behavior of multi-scale McKean-Vlasov SDEs



1. Backgroud

1. Backgroud

Many multi-scale (also called slow-fast or two-time scales)
system arise from material sciences, chemistry, fluids
dynamics, biology and other application areas, such as

@ In climate models, where climate-weather interactions may
be studied within the averaging framework, climate being
the slow motion and weather the fast one.
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1. Backgroud

1. Backgroud

Many multi-scale (also called slow-fast or two-time scales)
system arise from material sciences, chemistry, fluids
dynamics, biology and other application areas, such as

@ In climate models, where climate-weather interactions may
be studied within the averaging framework, climate being
the slow motion and weather the fast one.

@ In the chemistry, the dynamics of chemical reaction
networks often take place on notably different times scales,
from the order of nanoseconds (10~ s) to the order of
several days.
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1. Backgroud

Averaging principle for SDEs (By Khasminskii, 1968)

dXf = b(X{, Y7)dt +o(X7, Y{)aWs, X5 =x € RY,
dYf = L(XF, Yi)at + J-g(XF, Y)dWs, Y5 =y e R
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1. Backgroud

Averaging principle for SDEs (By Khasminskii, 1968)

dXf = b(X{, Y7)dt +o(X7, Y{)aWs, X5 =x € RY,
dYf = L(XF, Yi)at + J-g(XF, Y)dWs, Y5 =y e R

Assume 3b(x) : R — RY, positive-definite symmetric matrix
A(x) : RY — RI*C:

)
1 / Eb(x, Y**¥)at — B(x)

T/ —0, —0;

T
17/ Eo(x, Y*Y)o" (x, YY) dt — A(x)| = 0, & 0;
0

where {Y;*Y};0 is the unique solution of the frozen equation:
aYXy = f(x, Y )dt + g(x, YV )dWs, VY =y.
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1. Backgroud

Averaging principle says:
X° — X, inweak sense,
as ¢ — 0, where X is the solution of the averaged equation:
dX; = b(Xy)dt +&(X;)dW;, X = x,
where 5(x) := \/A(x), i.e., 7(x)5(x) = A(X).
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1. Backgroud

Averaging principle says:
X° — X, inweak sense,
as ¢ — 0, where X is the solution of the averaged equation:
dX; = b(Xy)dt +&(X;)dW;, X = x,

where 5(x) := /A(X), i.e., 3(x)a(x) = A(x).
If frozen equation admits a unique invariant measuren”*.

= [pa b(X, y)p*(dy)
° A(X) =/ U(X,y)a(x,y)*ux(dy)
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1. Backgroud

@ Central limit type theorem (CLTT), or Normal deviations

dX; = b(XF, Y7)dt + o(XF)dW,
dYf = LA(XF, Yi)dt + J-g(XF, Y7)dW.

The corresponding averaged equation is following:

dX; = b(X;)dt + o (X;)dW,
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1. Backgroud

@ Central limit type theorem (CLTT), or Normal deviations

dX; = b(XF, Y7)dt + o(XF)dW,
dYf = LA(XF, Yi)dt + J-g(XF, Y7)dW.

The corresponding averaged equation is following:
dX; = b(X;)dt + o (X;)dW,

Aim: How to characterize the limit process of «[)(1/2 in
C([0, T],R")?

Xe—-X

T — Z, weaklyin C([0, T],R"), ase — 0
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1. Backgroud

@ Diffusion approximation

dXE = B(XE, YE)dt + \kK(XF, Vi) + o (X, V) dW,
dYf = (X, Y)at + J-g(X. Yi)dW.
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1. Backgroud

@ Diffusion approximation
1 .
axXi = b(X;, Yi)dt + \ﬁK(Xf, Yi)+o(Xt, Yi)dW,
dYi = LAXF, Y)dt + J-g(XF, Yi)dW.
Here K satisfies the central condition, i.e.,
| Kexy(an =o.
Aim: How to characterize the limit process of X¢? i.e.,

X°¢ — Z, weakly in C([0, T],R"), as e — 0.
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1. Backgroud

The main techniques:

@ Khasminskii’s time discretization
@ Martingale problem approach

@ Asymptotic expansion of the solutions of Kolmogorov
equation with respect to ¢

@ Poisson equation
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2. Averaging principle

2. Averaging principle

@ In this talk, we focus on the following multi-scale
McKean-Vlasov SDEs:

dX; = b(X, Zx:, Yi)dt+ o(XF, L )dWy,
dY; = LH(X;, Zx:, Yi)at + L-g(X5, Zx:, Yi)aWR,
(1)

where Zx: is the law of X.
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2. Averaging principle

Theorem 1 (M. Réckner, S. and Y. Xie, AIHP, 2021)
Under some proper assumptions. We have

sup E|XF — Xi|? < Ce. (2)
te[0,T]

Here X is the solution of the following averaged equation,

dX; = b(X;, L3,)at + o(Xe, Lz, )dW, |
Xo — x (3)

where b(x, 11) = [pm b(X, 1, y)r*#(dy) and v** denotes the

unique invariant measure for the transition semigroup of the
frozen equation.
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2. Averaging principle

% Idea of Proof of Averaging principle
For simplification, o(x, 1) = o. Recall that

)_(t = XO +/ 5()_(37.,%)'(5)(13 + O'Wt1 .
0
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2. Averaging principle

% Idea of Proof of Averaging principle
For simplification, o(x, u)zza.Recachat

)_(t = XO +/ 5()_(37.,%)'(5)(13 + O'Wt1 .
0
Thus

- t - -
XF— X = /0 [B(X:, Zxe. V2) — B(Xe, 23,)] ds
t —
— [ 1606, 2, ¥9) - BX;. )] 06
t — - —
+ /O [B(XS. Zx:) — b(Xe, Z3,)] ds.
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2. Averaging principle

Note that b is Lipschitz continuity, we have

sup E|XF — X;f?

t€[0,T]

2

< Csup E
te[0,T]

;
+CT/ E|X; — X¢[2dt.
0

t p—
/ b(X, Zxe, YE) — B(XE, Zx:)ds
0

By Gronwall’s inequality, we get

sup E[XF — X;f?

te[0,T]

2

< C sup E
te[0,T]
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/ B(XS, L. YE) — B(XC, Zy: )ds
JO




2. Averaging principle

Now, consider the following Poisson equation with parameter x:
—gz(x-//i)@(xaﬂf)(}’) :b(xnu-/y)_B(Xau)? yeRdza (4)
where % (x, 1) is the generator of the frozen equation:

dYSHY = f(x, u, YO )ds + dW2, 5
YX7M7Y — y ( )
A .
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2. Averaging principle

Now, consider the following Poisson equation with parameter x:

—gz(x-//i)@(xaﬂf)(}’) :b(xnu-/y)_B(Xau)? yeRdza (4)
where % (x, 1) is the generator of the frozen equation:

dym = f(x, u, YO )ds + dW2, 5
quuvy — y ( )
A :

Poisson equation (4) admits a unique solution

S0 poy) = [ [EbGx.s, V) = Bx, )] 05
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2. Averaging principle

By It6’s formula, we have

O(XF, Lx:, Vi) = ®(Xo, Lx,, o)

+ /0 B [b(X5, Lxg, Ys)0u®(x, Lxg, ¥)(X)] Ix=xc.y=vs dS
+f BT [00°0.0,0(x, B X)) lxoxepv; s
/ D Loe, YE)B(XE, Lz, YE)ds

+s/0 Lo(X5, Lxc)O(X5, L, YE)ds + M + LM?Z’

VE
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2. Averaging principle

where M and M;*? are two local martingales,
t
M= / QO(XE, Lx:) - oW,
0

t
M2 = /0 Oy D(XS, Lie) - GXE, L YE)AW2.

Then we have

2
sup E|X; — X;|? <supE

t -—
/b(X;./.,%Xss, Ys)—b(Xs, Lxz)ds
te[0, 7] telo,7] O

2
= sup E

t
/ Lo(Xe, L )O(XE, Lxe, V) dis
tefo,1 1J/0

2 L
+¢e sup EMp
te[0,T]

IN

=2 sup E|Ai[?+<% sup E|M
te[0,T] te[0,T]
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3. Central Limit Type Theorem

3. Central Limit Type Theorem

Theorem 2 (W. Hong, S. Li, W. Liu and S, arxiv, 2021+)
Under some proper assumptions. {Z¢ := XE—JgX}Do converges
weakly in C([0, T]; R") to the solution of following equation as
e — 0,
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3. Central Limit Type Theorem

3. Central Limit Type Theorem

Theorem 2 (W. Hong, S. Li, W. Liu and S, arxiv, 2021+)
Under some proper assumptions. {Z¢ := XE—JgX}Do converges

weakly in C([0, T]; R") to the solution of following equation as
e =0,

dz, = OXE()_(t,.Z)—Q)-tht+E{0ﬂB(u,$)—<r)()_(;)-Zt} ot

u=X;

+ |Oxo(Xt, Zx,) - Zf} aw; +E{a"g(“’ Zx)(X1) Zf} ‘u:
+O(Xe, L3 )W, Z =0, (©)

where W; is a R"-dimensional standard Brownian motion
independent of W, on probability space (2, 7, P), and

_aw,
Xt

O(x. 1) = ((By®g)(By®g) )" (x. ).
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3. Central Limit Type Theorem

& Idea of Proof of CLTT

For simplification, o(x, u) = 0. Zf = XX

£

satisfies

S

€ 1 € € A €
0z = |B(X7, Zx:. Y7) = DX, Zx:)| o
1 1- - 1 1- -
+ 2 [BOG, L) = B, Zi) [ dt+ 2 DX, L) = B(X, ) .
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3. Central Limit Type Theorem

& Idea of Proof of CLTT

For simplification, o(x, u) = 0. Zf = XX

£

satisfies

S

1
oz = —= b, Zx:, Y§) — B, L) ot

Ve

112 - 1 12 ¢ _

+ 2 [BOG, L) = B, Zi) [ dt+ 2 DX, L) = B(X, ) .
We introduce an auxiliary process 7;,

5 1 £ € M 3

dif = [b(X7, %xe, Vi) = B(XE, 23 ) et
+0xb(X;, Z3,) - it + E[@MB(u,th)()‘q) : nf} L
=At
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3. Central Limit Type Theorem

Step 1: Proving lim._,o E |sup;cpo, 77 1Zf — nfl| = 0.

Xiaobin Sun Asymptotic behavior of multi-scale McKean-Vlasov SDEs



3. Central Limit Type Theorem

Step 1: Proving lim._,oE [sup,E 0,11 14f — y} =0.

Step 2: Note that 7°(t) +Ia(t)+la(t),where
1t .
E(t) = ﬁ/o [b(Xs. x:. Yg) — B(Xs. )| s,

t -_— -—
50 = [ oxb(Xe. Z,) s,
0

ds.

U:Xs

E(t) = /OtIE[ﬁuB(u,f)—(s)()_(s) : ni]

Proving M := (%, 5, 5, 5), is tight in C([0, T]; R*").
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3. Central Limit Type Theorem

Step 1: Proving lim._,oE [sup,E 0,11 14f — y} =0.

Step 2: Note that 7°(t) +Ia(t)+la(t),where
1t .
E(t) = ﬁ/o [b(Xs. x:. Yg) — B(Xs. )| s,

t -_— -—
50 = [ oxb(Xe. Z,) s,
0

ds.

U:Xs

t - -
5= | E[0,Bu.2)(%) 1]
Proving M := (%, 5, 5, 5), is tight in C([0, T]; R*").

Step 3: Identify the weak limit of /5, /5 and /5 in C([0, T]; R").
Key: Skorohod representation theorem.
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3. Central Limit Type Theorem

Recall that ®(x, p, y) be the unique solution of the Possion
equation

—Za(X, ) P(X, 1, YY) = b(X; 11, y) — b(x, ).
By It6’s formula,

(D( f»fxtf, Yf) = (D(X()agxo? YO)
t
+/0 E [b(X5, Zxs, Ys)0u®(X, Lxz, ¥)(Xs)] Ix=xz y=ve ds

t
1
+/0 EETr (00" 020,P(X, Lxz. ¥)(X5)] |x=xz,y=ve ds

t
+ [ A V200G, L, Vi)
0

1 [t _ 1
+/ b(X5, Zxe, Y5) — B(XS, Lxe)ds + M)© + — M~
€ Jo S S \/g
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3. Central Limit Type Theorem

where M}, MZ* are two local martingales,
t
M= = /0 O D(XE, Le, YE) - o dW,,
t
MES = [ 0,006, 2. ¥6) - 906, L. YE)AWE.

Then it is easy to see
E(t) = VeB; + M~ 7)

According to martingale representation theorem, Mf’s
converges to

t 1
M2 — /0 ((8,84)(3,B9)") ¥ (Xs, L3, ) AWV,
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4. Diffusion Approximation

3. Diffusion Approximation

We consider the following stochastic systems

1
X7 =b(XF, Ly, Vi)t~ K(X7, L, Yi)dt+o(XE, Lz, ViYW,

NG
1 1 1
V=210 2. Yt LK 2, Y7t -GG i Y)W
g = §7 0E = Cv
(8)

where K satisfies the centering condition, i.e.,

K(x, p, y)v**(dy) = 0.
RrRmM

@ Z. Bezemek, K. Spiliopoulos, Rate of homogenization for
fully-coupled McKean-Viasov SDEs, Stoch. Dyn. to appear
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4. Diffusion Approximation

% Martingale problem approach
Key idea: The limiting process is the solution of the martingale
problem associated to the operator L, given by

L,: _Ze 1)y, + ZZZ (ZX%)(X, 1) O,

i=1 j=1

where

@(Xv //J) =b+ 8XCDK =+ 5y¢h +Tr [8)2(y¢0'g*] (Xa ,U,),
T(x, 1) i= (K@ @)+ (K2 @) + (0g")8y® + [(09")3, O]

+(007))* (x, )
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4. Diffusion Approximation

Theorem 3 (W. Hong, S. Li and S., arxiv, 2022)
Under some proper assumptions. {X¢}.-o converges weakly in
C([0, T];R™), as £ — 0, to the solution of following equation

dX; = O(Xy, Lx,)dt + (X, Lx)dWs,  Xo =€, (9)

where W; is a n-dimensional standard Brownian motion.
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4. Diffusion Approximation

Theorem 3 (W. Hong, S. Li and S., arxiv, 2022)
Under some proper assumptions. {X¢}.-o converges weakly in
C([0, T];R™), as £ — 0, to the solution of following equation

dX; = O(Xy, Lx,)dt + (X, Lx)dWs,  Xo =€, (9)

where W; is a n-dimensional standard Brownian motion.

@ Note that there is a gap about the diffusion coefficient &,
that is, it is unclear whether the term

(K@ ®)+ (K® ®)* + (0g*)0y® + [(09*)0yP]* + (00*)

is positive semi-definite?
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4. Diffusion Approximation

& Martingale characterization

Theorem 4 (W. Hong, S. Li and S., arxiv, 2022)

Under some proper assumptions. {X¢}.-o converges weakly in
C([0, T]; R™), as € — 0, to the solution of following equation

aX; = @(Xt,gxt)dt%— i(Xt,gX[)dWI,

where W, is a n-dimensional standard Brownian motion and

1

£(x, 1) i= (0, @g + 7)(By®g + a)*)é(x,,u).
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4. Diffusion Approximation

& Martingale characterization

Theorem 4 (W. Hong, S. Li and S., arxiv, 2022)

Under some proper assumptions. {X¢}.-o converges weakly in
C([0, T]; R™), as € — 0, to the solution of following equation

aX; = @(Xt,gxt)dt%— i(Xt,gX[)dWI,

where W, is a n-dimensional standard Brownian motion and

£(x, 1) i= (0, @g + 7)(By®g + a)*)é(x,,u).

@ It will be asserted that ¥, ¥ are essential the same.
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4. Diffusion Approximation

Thank you very much!
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